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COMPOSITION OF LORENTZ 
TRANSFORMATIONS IN TERMS OF THEIR 

GENERATORS 
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Abstract 



Two-forms in Minkowski space-time may be considered as generators 
of Lorentz transformations. Here, the covariant and general expression for 
the composition law (Baker-Campbell-Hausdorff formula) of two Lorentz 
transformations in terms of their generators is obtained. Every subalgebra 
' of the Lorentz algebra of such generators, up to one, may be generated by 

, a sole pair of generators. When the subalgebra is known, the above BCH 

' formula for the two two-forms simplifies. Its simplified expressions for all 

such subalgebras are also given. 

Key words: Lorentz transformations. Lie algebras of two-forms, Baker- 
^ Campbell-Hausdorff formula. 

7'. 

I Introduction 

^ In Minkowski space-time, global Lorentz transformations are used to relate iner- 

I tial observers. In a general space-time, local Lorentz transformations along 

; I ' time-like congruences of curves or space-like families of hypersurfaces, are used 

5^ I to relate arbitrary frames to comoving observers or to synchronizations 

In most of the problems, the transformations involved belong to the proper 
orthocronous Lorentz group (its connected component of the identity), so that 
they are univocally given by the exponential of the elements of the Lorentz 
algebra Q . Local Lorentz transformations of the space-time may thus be given 
by exponentials of the two-forms [|| of the space-time. 

This representation by two-forms of local Lorentz transformations has the 
important advantage of involving exclusively its intrinsic elements ; these are 
the elements in which the corresponding two-forms decompose Q. Nevertheless, 
this important advantage is obscured by the practical and formal difficulties that 
arise in the composition of transformations, where the corresponding two- forms 
are related by the Baker-Campbell-Hausdorff (BCH) formula. It is the absence 
of a simple and compact expression for the BCH formula that originates these 
difhculties. The main purpose of this paper is to obtain such an expression. 

*Systemes de reference spatio— temporels; Observatoire de Paris - CNRS UMR 8630; 61, 
Avenue de I'Observatoire; 75014 Paris; France 

tDepto de Matematica Aplicada; E. T.S.I. Agronomos; Universidad Politecnica de Madrid; 
Avd. de la Complutense s/n; 28040 Madrid; Spain; 
Tel.: 34 91 336 58 30; e— mail: sanjose@mat.etsia.upm.es 
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The simpler example of classical rotations illustrates clearly the above sit- 
uation in the three-dimensional euclidean case. Let us remember it. The nine 
components of a rotation matrix R may be related in more or less complicate 
forms to differents relative parametrizations but the intrinsic elements of 
the matrix are the rotation axis u and the rotation angle a. In the exponential 
domain, the element r of the rotation algebra corresponding to R decomposes 
in the form r = a * u with a = |r|. Here * is the dual operator asociated 
to the euclidean metric 6 so that, u being a vector, *u is a two-form. And 
|r| — (r,r)2 is the module of r, with (r, r) = —^trr^ and rs is the induced 
product on two-forms (in local coordinates (rs)^^ = r^T-sj;). Thus, one has for 
R the expression: 

„ ^ sina 1 — cosa , 

R = expr = S rH r^. (1) 

a OL^ 

And conversely, starting from _R, one obtains 

arcsinp/2 /, \ 
r = logi? = - R) (2) 

where p is given by 

p = ^/{l + trR){3-trR) 

and *i? denotes the transposed of R. In other words, the rotation angle a and 
the rotation axis u of a rotation matrix R are intrinsically given by 

cosa^-{trR-l), u^-*CR-R). 
2 p 

Suppose now that we have another rotation matrix S corresponding to the 
rotation vector /3v, that is to say, to the rotation algebra element s = /? * v. 
The element t corresponding to the composed rotation T = RS is given by the 
BCH-formula il: 



(3) 



2a ( 1 a f3 1 a f3 1 a /3 , , 
— sm — cos — r+— cos — sm — s H sm — sm — r, s 



sincr |^q;2 2 /322 a/3 22 
where a is given by 

a j3 . a . (3 
cos a = cos — cos — — 7 sm — sm — , 
2 2 ' 2 2' 

7 being the cosinus of the rotation axes, 7 = (u,v) = ^(r,s), and [r, s] being 
the Lie bracket of the two-forms r and s, [r, s] = rs — sr. 

In other words, if r and s are two rotations corresponding to the rotation 
vectors au and /3v, the rotation angle 9 and the rotation axis w of their com- 
position t, t = r»s = 0*w, are given by 



2a, 



(4) 



If. a p a . (3 . a . P 1 

< sm — cos — u -I- cos — sm — v -I- sm — sm — u x v 

sina 12 2 2 2 2 2 
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where u x v is the vector product. 

In Minkowski space-time, the analogous of expression (|l|), that is to say, the 
general and covariant explicit form of local Lorentz transformations as expo- 
nential of two-forms, has been given in |]lOj, although some partial results were 
already known ||ri|. Nevertheless, the analogous of expression (|^) for the two- 
forms as logarithms of local Lorentz transformations seems not to have been 
considered but in [lOt] . 

Here we shall obtain the analogous of expressions ^ and (^) for Minkowski 
space-time, that is to say, the general and covariant expression of the Baker- 
Campbell-Hausdorf composition • of two two-forms as well as the relations 
between the intrinsic elements of this composition and those of its factor two- 
forms II . 

The BCH composition of two two-forms belongs to the algebra generated 
by them. The unic proper subalgebra of the three-dimensional rotation algebra 
being one-dimensional (rotations about same axis), one has for it [r,s] = 0, and 
this is the sole case in which expression (||) simplifies. The situation is drastri- 
cally different for the Lorentz algebra. From its thirteen proper subalgebras, we 
have shown [ p^ that twelve of them may be generated by a pair of two-forms, so 
that the BCH formula for the Lorentz algebra may be simplified in many cases. 
We give here all these simplified expressions. 

Our results are well adapted to theoretical considerations as well as to prac- 
tical computations. They may be applied in all situations in which Lorentz 
transformations are implied, global ones in special relativity or local ones in 
both, special and general relativity. And this, not only for the above mentioned 
problems of adapted observers or synchronizations, but also in the study of 
special decompositions , Thomas precesion [|l5| , general equations of helices 
[ p^ , motion of charged particles in particular electromagnetic fields , or the 
generalization of the binomial theorem . 

These results may be also useful for heuristic researchs in other fields. For 
example, in non linear electromagnetic theory. Physically, algebras are seen as 
first (tangent) aproximations or weak (little) perturbations. This suggests a 
guiding idea for the search of non linear electromagnetic equations: to consider 
that the first object to be "nonlinearized" are not Maxwell equations for the 
electromagnetic field, but the electromagnetic field itself. Being today described 
by a two- form (element of the Lorentz algebra), the "finite" or "strong" descrip- 
tion of the electromagnetic field would be given by a Lorentz field tensor, its 
exponential |p^ . 

The paper is organized as follows. The computation of exponentials, log- 
arithms and BCH compositions being easier in complex spaces. Section || is 
devoted to remember the real and complex elements that we shall need as well 
as to the obtaining of the exponential of complex two-forms. Section [H contains 
the general and covariant expression of the BCH composition of two two-forms 
as a linear combination of them, of their commutator and of their duals, with 
the coefficients depending on the invariants of the pair of two-forms. In Section 
IV the simplified expressions for each of the twelve proper subalgebras of the 
Lorentz algebra that may be generated by a pair of two-forms are obtained. 
In particular, half of these twelve subalgebras have the remarkable property 
that the eigenvalues of the BCH composition are the sum of the corresponding 
eigenvalues of the factor two-forms. The characterization of these subalgebras 
is given in this section. 
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II Preliminaries 



We denote by A*' the complexification of A, space of two-forms on Minkowski 

space M4: A'-' is the complex hncar space associated to A x A by the complex 
structure J{F,G) = {-G,F) for F,G e A. Thus, A*^ is a C-linear space of 
complex dimension 6 with two relevant C— linear subspaces 

A+ = {feA^\*f = if} = {F-i*F\FGA} 
A- = {/eAC|*/ = -i/} = {F + i*F|FeA}, 

where * is the dual operator associated to the Lorentzian metric of M4. It is 
verified that A*^ = A+ ® A~ and A+ = A~, so 

dime A+ = dime A~ = 3. 

As A has a structure of Lie algebra (with the commutator defined by [F, G] = 

FG — GF, where the product is defined in local coordinates by {FG)^y = 
Ffj^T-Gl), A+ can be endowed with a C— Lie algebra structure by the commutator 
in A*' 

[F + iG,H + iK] = [F, H] - [G, K] + i {[F, K] + [G, H]} (5) 

then, A*^ is a C— Lie algebra and A+ is a C— Lie subalgebra of A''-^. 

Simarly, A+ is a C— metric linear space with the C— scalar product in A*^ 

(F + iG,H + iK) = {F, H) - (G, K) + i {(F, K) + (G, H)} , (6) 

where (•, •) is the induced scalar product in A given by {F, G) — —(1/2) tr{FG), 
tr being the trace operator. 

If A e A+, there is only one F e A such that A = F — i * F. When F is 
regular we have the decomposition F = aU — a* U with a > 0, a G TR and 
U a unitary two-form (([/,*[/) = and {U,U) = —1). Then ±a, ±m are the 
eigenvalues of F, the pair {U,*U} is called its geometry, and it is verified that 
A= {a — ia){U — i*U). When F is null, its eigenvalues are 0, its geom,etry is 
{F, *F} and it is verified that A = F - i * F. As, [U ~ i *U,U - i *U) = -2 
and {F — i*F, F — i*F) = for F null, every non vanishing A £ A+ admits a 
unique decomposition of the form 

A = XaCa 

where Xa € C, its real part Re(AA) > and Ga G A+ with {Ca, Ca) € {-2, 0}, 
Xa = 1 when {Ca,Ca)=0. 

A non vanishing A G A+ is called regular when {A, A) ^ and null otherwise, 

Ga is its geometry and the complex number a = i(A, A) its invariant. Let 
us note that only when A is regular the number Xa of the above decomposition 
and its invariant a coincide. 

Let A,B e A+ with A = F - i * F and B = G - i * G for F,G e A. The 
mixed invariants of F and G are 

p={F,*G) and a = {F,G). 

The complex number k such that —2k = {A, B) will be called the mixed invari- 
ant of A and B. It is easily verified that k = —{a — ip). For a pair of elements 
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A and B of A+ the complex numbers a (the invariant of A), b (the invariant of 
B) and k (the mixed invariant of A and B) are called the invariants of the pair 
A, B. 

The following expression gives the relation between the invariant of [A, B] 
and the invariants of the pair A, B 

{[A,B],[A,B]) = 8(a^b^-P). (7) 

This result is obtained by a straightforward computation taking into account 
Lemma 3 of po| . 

The space of tensors with two covariant indices can be endowed with an asso- 
ciative algebra structure with identity element as well as a Lie algebra structure 
in the standard way; using linear extensions as in (^ and ^ the complexifi- 
cation of that space can also be endowed with an associative algebra structure 
with identity element and with a C— Lie algebra structure. The expression for 
the product is 

{M + iN){P + iQ) = MP -NQ + i{MQ + NP). 

From the identity FG — *G * F ~ —{F, *G)g, with F and G in A, it is obtained 
for A and B in A+ 

AB-^B^A = AB + BA=-{A,B)g; (8) 

where the first equality is a consequence of the fact that *A = iA for the elements 
of A+. 

The following results are oriented to the obtaintion of the exponential of a 
complex two-form. Next lemma can be proven using (|^) and induction over n. 

Lemma 1 For any two-form A of with invariant a, one has 
Let us define the complex functions {z e C) 

{ sinhz ^ 
z ^ (9) 
1 z = 0. 

These are entire complex functions. 
When A G A+ it is verified that 

exp A = > — - = > — - + > — = cosh A + sinh A: 

^ ^ n\ ^ 2nl ^ 2n + 1 ! 

n=0 n=0 n=0 ^ ' 

last equality is a consequece of the definition of the hyperbolic sine and cosine 
of a matrix. For these functions we have the following result. 

Proposition 1 For any two-form A o/ A+ with invariant a, one has 

coshA — C{a)g and sinh A = S(a)^- 
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It can be proven as follows: 

n=Q \ri=0 / 

sinhA V- 77 = 7 -T]A=^S(a)A. 

Then, as a corollary we obtain next theorem. 

Theorem 1 For any two-form A of A+ one has 

expA = Cia)g + S{a)A, 

where C o,nd S are the functions o/ the invariant a of A and g is the 
Lorentzian metric of the Minkowski space. 

Our expression of the exponential for the Lorentz group [|o| can be easely 
obtained from this result. 

Ill The BCH-formula 

The element D G A+ such that expAexpB = expD or, equivalently, D = 
log(exp A exp i?) is given by the well known BCH-formula; this defines the so 
called BCH composition 

Au B = log(exp A exp B). 

Then, we may write the complex version of our main result. 

Theorem 2 The BCH composition A • B of two two-forms A, B in E is 
given by 

A*B^ S{d)-^ |s(a) C{b)A + C(a) S{b)B + i S(a) S{b)[A, B 

where d, the invariant of the two-form Am B, is given by 

coshd = C(a)C(&) + fcS(a)S(&) (10) 

a, 6, k being the invariants of the pair A, B. 

Proof: Let us put D = A* B being d its invariant then, 

expZ) = C(d)5 + S(d)i:' = expAexpB= (C(a)5 + S(a)A)(C(% + S(fo)B) 
= C(a) C{b)g + S(a) C{b)A + C(a) S{b)B + S(a) S{b)AB. 

First equality implies that we need to compute the antisymmetric part of last 
expression to obtain D as a function of A and B. If Z stands for the antisym- 
metric part, we have 

Z = S(a) C{b)A + C(a) S{b)B + ^ S(a) S{h)[A, B], 
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and then D = S{d)-^ {S(a) C(6)A + C(a) S(&)-B + i S(a) S(&)[A, B]} : so we have 
to obtain d as a function of the invariants of A and B. When Z is regular, we 
have sinhdCu = zCz, for Cz and Cd, the geometries of Z and D, respectively, 
and z the invariant of Z. So this equation yields Cd = Cz and sinh d = z. When 
Z is null, z = d — and last expression is still true. 

Let us obtain the invariant z as a function of a, b and k. From expressions 
(I) and 

(A [A,B]) = iB,[A,B])=0, 
derived from (10) of |2^, we have 

= -liz,z) 

= S(a)2 C(6)'a' + C(a)' S(&)'6' + 2 S(a) C{b) C(a) S(&)fc - 

= iC{a)C{b) + kS{a)S{b)f -1. 

Therefore, we obtain the expression of the theorem. □ 

To obtain the expression of the BCH-formula for the Lorentz group we need 
the following proposition whose proof is based on the fact that [A, B] = 
whenever A G A+ and B E . 

Proposition 2 Let F,G e A and A,B e A+ be such that A= ^{F-i*F) and 
B = l{G-i*G), then 

F»C = 2Re(A« B). 

Proof: As, by definition 

exp F • G = exp F exp G 

then 

expF»G = exp(y4 + A) cxp(i3 + B) = exp Aexp Aexpi?expi3 
= exp A exp B exp A exp B = exp A exp B exp A exp B 



= exp A* B exp A* B — exp A* B exp A* B 

= exp (^{A •B)»{A» B)J = exp (^{A •B) + {A» B)^ ; 

second equality is due to the fact that they commute, last equality is because 
the only terms of the BCH~series of any elements A and B with [A, B] = is 
A + B.a 

With notation of the Theorem ||, let us define the complex functions 
V - S{d)-' Sia) Gib) 

Q = Sid)-^C{a)S{b) (11) 
n = is(d)-is(a)S(6), 

of the inavariants of the pair A, B and denote for short Xr and Xi the real 
and imaginary parts respectively of any complex function X. A straightforward 
computation gives the main result for the real case as a corollary of the previous 
theorem. 
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Theorem 3 The BCH composition F • G of two real two-forms F and G on 
Minkowski space, is given by 

F*G^ VrF + QrG + Rr\F, G]+V^*F+Q,*G + R,*[F, G], 

V, Q andTZ are the functions ( [77[ j of the invariants of the pair {\/2){F — i*F)^ 
(l/2){G-i*G). 

The eigenvalues a, and 5, oi F • G, as well as the real and imaginary part 
of the functions V, Q and TZ may be expressed in terms of the real invariants of 
the pair of two-forms F, G. In that respect let us define the auxiliary functions 
of the invariants of the two-forms F and G, a, a, (3 and /3 : 

„+ ,a + /3 a + /3, ,a — /3 a — (3 

Gc = cosh cos ± cosh cos 

2 2 2 2 

, .,« + /?. a + (3 . , a — f3 . a — (i 

bs = smh sm ± smh sm 

2 2 2 2 

± a + /3 . a + P • a-j] 

Cs — cosh sm ± cosh sm 

2 2 2 2 

c,± -1," + ^ a + j3 a- /3 5-/3 

be = smh cos ± smh cos 

2 2 2 2 

and 

p = -(j{amPm - OLmPm) - p{.OlmPrn + am/?m) 
q = -a{amPrn + OlmPm) + p{oirnPm - OlmPm) 

where the modular scalars am y Pm are given by 

— 9 — 9 1 Prr 



Let us note that if / is any of the functions Cc*, Ss^, p or q it is verified that 

/(a,5,/3j) = /(/3j,a,5); (12) 
meanwhile, if is any of the functions Gs^ or Sc^ , one has 

Let us introduce the functions A, /i, I and m given by 

A = {l/2){Gc+ +pGc- + qbs-), ^ = (l/2)(5s+ + pSs' - qGc') 



l^X'^+lj^, m = V(' + 1)^-4A2. (13) 
From Theorem ^, we have 

cosh i(a. - ia,) ^ C(a) C{b) + k S(a) S{b), 
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that is to say, 



a, a, . , a, . a, 

A = cosh — cos — , u = smh — sm — . 

2 2'^ 22 



Then, denoting by and respectively the signs of the above scalars A and 
H, one has 

Theorem 4 The invariants a, and 5, of the BCH composition two-form F»G 
of the two two-forms F and G, are given by 

cosh a, = I + m, cos a, — I ^ m, 

where sign(sin3,) — e\e^ and, I andm are the functions (|7^ of the invariants 
of the pair F, G. 

From this theorem and property ( |l^ ) one has the following result: 

Corollary 1 The invariants of the BCH compositions F • G and G • F of two 

two-forms F and G conincide. 

The real and imaginary part of S(rf)~^ are given, respectively, by 



M = 



N = 



a, smh — cos h a., cosh — sm ■ 

2 j 2 ^2 

. , 2 Q;» 9 1 2 ■ 9 Q;» 

smh — cos h cosh — sm — 

2 2 2 2 



, a. . a, _ . , a, a, 

a, cosh — sm a. smh — cos — 

2 2 ^ -? ■ 

2 2 , , 2 ■ 2 ' 
smh — cos V cosh — sm — 

2 2 2 2 



(14) 



but from theorem ^ one has 

cosh(^) = (l/\/2)\/Z + m+ 1, cos(y) = eA(l/V2) - m + 1, 

sinh(y) = (l/V2)V; + m- 1, sin(^) e^(l/\/2)V-; - m + 1, 
so that we have: 

Corollary 2 T/ie functions M. and M of the invariants of the pair F, G are 
given by 



M. = —\/m + n argcosli(/ + m) H — -\/m — n argcosf / — m) 
m m 

J\f = —\/m — n argcos(/ — m) H — -\/m + n argcosh(Z + m). 
m ra 

Then, one may obtain from ( pT|) the following result: 

Theorem 5 T/ie coefficients of the BCH composition F • G of two two-forms 
F and G in the expression 

F*G^ VrF + QrG + Rr[F, G]+V^*F+Q^*G + R^* [F, G] 

are given by 
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= ((am/3m + am/3m)A4 + - 5„i/3„i)A/'^ Cc"- 

((am/3m - amfim)M - {a„j3r,i + 5„i/3„i)7Vj 5s". 

Qi(a,a,(},(3) /3, a, a). 

One could directly obtain the geometry of F*G as a function of the invariants 
and the geometries of the pair F, G. In the singular case, the two-form and its 
geometry are proportional, so that we have only to study the regular case. Both 
cases are discriminated by the value of C{a) C{b) + fc S(a) S(&); from Theorem ||, 
this value is 1 only when G is singular or 0. Taking into account Proposition 
|[ that is to say, 

A.B = l{F.G-i*(F.G)}, 

and the definition of the geometry {W,, of F • G, 

F»G^a,W,-a,*W, 

one has 

A»B = i(a. -ia,){W, - i * W,)] 

then, from theorem ^ we obtain 

Theorem 6 The element W, of the geometry {W,, *W,} of the BCH composi- 
tion FuG of two two- forms F and G, is given by the same expression of Theorem 
1^ for F • G where the functions ( f/^ M. and Af are substituted respectively by 

^{M-U) and ^{M+U). 

IV Reduction of the BCH— formula for each type 
of subalgebra 

We have shown elsewhere that from the thirteen proper subalgebras of the 
Lorentz algebra, twelve of them may be generated by a pair of two-forms, so that 
the general expression of the BCH composition given above may be simplified in 
these twelve cases. It is the purpose of this Section to obtain the corresponding 
simplified expressions. 
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Half of these twelve cases have in common a particular property: the eigen- 
values a,, 5, of the BCH composition F • G are the sum of the corresponding 
eigenvalues a, a of F and (3, P of G : 

a, — a + (3, a, — a + p. (15) 

We shall begin by obtaining some common properties to these cases. From 
H), expressions ( pl| ) simphfy to: 



(a + b) sinh a cosh b 
a sinh(a + b) 
+ b) cosh a sin 
6sinh(a + h) 

1 (a + 6) sinh a sinh b 

2 a6sinh(a + 6) 



V = 

(a + 6) cosh a sinh 6 

6sinh(a + 6) ' 

1 ( 

n 



So, we do not have to use ( p^ to obtain these coefficients. This expression 
implies that d = a + 6 iff k/ab = 1. But 

k = -\a)^b{<7' - p), 

where A^i is the invariant of A when A is regular and 1 otherwise, a' — {U, V) 
and p' = (L/, *V) when A = ^{F - i * F) and B = ^{G - i * G). Therefore, 

{cosh a cosh b ~ [a' ~ ip') sinh a sinh b when both are regular 
cosh a — [a' — ip') sinh a when only A is regular 

— {a' — ip') when both are null. 

Hence, d~a + b\Ep' — Q and a' ~ ~1 with ab ^ a' ~Q with ab — 0. These 
situations may be related to the relative positions of the non space like planes 
asociated to the geometries of the two-forms, that is, the pair {tt{U),'k{V)). 
Relative positions of pairs of planes were studied in [^. With that notation, 
the above situations correspond to the following relative positions: 

III,! Hi 2 H2,l, H2,2, H2,2, 112,3. 

But these are the sole relatives positions of a pair of planes having at least 
one common null direction. Following the Schell classification of subalgebras of 
the Lorentz grou p |M| (see Table |l| for the relation of this notation and that 
of Patera et al. [p2[), our Theorem 3 of ||l^ implies that a pair of two-forms, 
whose non spacelike planes asociated with their geometries have one of those 
positions, generates one and only one of the following types of subalgebra of 
dimension greater than two: 

i?6 7 Rji Rsi Rii, Ri2, Rii- 

On the other hand, it may be verified that these are the sole algebras generated 
by two two-forms whose Killing-Cartan form is singular. Thus, denoting by 
A{F, G) the algebra generated by F and G, one has 

Theorem 7 Let a he the eigenvalues of F, (3, (3 those ofG, anda,, 5, those 
of their BCH composition F •G, and let {[/,*[/} and {V, *V} be the geometries 
of F and G, respectively. Then, the following conditions are equivalent: 
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DiiTiGnsion 


Type 


Basis 







Pi c 




I 


Rn 


-Fl3 


A, 
^1 




1 


Ri 








1 


i?4 




A2 




1 


i?5 


Fn 


Ai 


+ tA^ (t ^ 0) 


2 


i?6 


F8 


Ai 


A3 


2 


i?7 


F9 


Ai 


A2 


2 


i?8 


FlQ 


A3 


Ai 


3 


i?9 


Ft 


Ai 


^3,^4 


3 




F4 


Ai 


^3, A 


3 




Fe 


A2 


^3,^4 


3 


Rl2 


F5 


Ai 


+ TA2, A3, A4 (r 7^ 0) 


3 


Rid. 


F3 


A2 


A3 -745,^4-^6 


5 


i?14 


F2 


Ax 




6 


-Rl5 


Fi 


Ax 


^2,^3,^4,^5,^6 



Table 1: Subalgebras of the Lie algebra of Lorentz group 



1. a, = a + (3 and a, = a + (3, 

2. planes tt(U) and t:{V) have at least one common null direction, 

3. the relative position of the pair of plane {Tr{U),Tr{V)) is one and only one 
of the folowing: IIi,! Hi, 2 112, 1, 112,2, 112,2, 112,3, 

4- the algebra A{F, G) is one of the following ones: 
Re, i?7, Rs, Rii, R12, Ri4, 

5. the Killing-C'artan form of A{F, G) is singular. 

The subalgebras of the Lie algebra of Lorentz group are given in Table I. 
Each type corresponds to a class of conjugation by the orthochronous proper 
Lorentz group (connected component of the identity), except for the types where 
it appears the real number r. In these cases each r defines a different conjugation 
class. The i?'s and the F's columns of Table |l| correspond, respectively, to 
notations by Schell (see |^) and by Patera et al. (see ||2^). The last column 
includes a basis of each type in terms of the two-forms associated to a real null 
tetrad {l,m,p,q} (that is to say a tetrad verifying (/,/) = {m,m) = (l,p) = 
{l,q) = {m,p) = {m,q) = {p,q) = and {l,m) = -{p,p) = -{q,q) = 1); we 
have made use of the notation: 

Al ^ I Am A3 = I Ap A5 = m Ap 
A2 = p A g A4 = / A q Aq = m A q. 

From now on it is considered that 

A^^{F^i*F) and B=^{G~i*G). 

When A{F, G) is a Rj or R^ algebra then [F, G] = and [A, B] = 0. In these 
cases d = a + b (Theorem ^). For Rs both are null and then V = Q ^ TZ ~ 1; 
therefore, F • G = F + G. For i?7 both are regular and the geometries of A and 
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B can be taken such that Ca — Cb (Proposition 8 of ^^); hence bA = aB. 
Therefore, 

a + b ( sinh a , sinh 6 1 / 6 \ . . „ 

A»B = — — — <^ cosh6A + cosha — ; — B \ = [l + -\ A = A + B. 

sinh(a + b) [_ a ''JV^/ 

Thus, the well-known result for commuting two-forms is obtained; 

Theorem 8 When A{F^ G) is a Rj or Rs algebra one has F • G = F + G. 

Suppose A{F,G) is a Re algebra then dim A{F,G) = 2 and [F,G] ^ 0. 
Thus, from Theorem 3 of |l3[ , F and G are simple two- forms, that have only 
one common principal direction and at least one non common principal one. So, 
at least one is regular (say F), a, b and k are real and, by Theorem]^, d = a + b. 
If a is the non null eigenvalue of a straightforward computation yields 

[F, G] = -F + aG. (17) 
a 

Let us remark, that a ~ —1 when both two-forms are regular and cr = when 



one is null (G in this case). Taking into account expressions (16) and ( p^ ) the 
following theorem is obtained. 

Theorem 9 When A{F, G) is a Rq algebra and F is the regular two-form one 
has 



^ ^ a + (3 fsinhf f B , B\ sinhf /a . , a\ 

F • G = < cosh - - smh - H 2. cosh - + smh - 

sinh^i±^\ a \ 2 2) p \ 2 21 

where a is the non null eigenvalue of F and (3 the eigenvalue of G. 



G 



For i?io, i?ii and i?i3 algebras we know from Theorem 3 of that F and 
G are simple and (f, *G) = 0. First condition implies that a and b are pure real 
or imaginary numbers; then functions C(a), S(a), C(6) and S(6) are real valued. 
Second condition implies that k is real. Moreover, d/sinhd is real. Let us show 
this. As F • G is a linear combination of F, G and [F, G], (F • G, *F • G) 
because [F, G] is simple (Proposition 9 of Q) and [F, [F, G]] = [F, *[F, G]] = 0; 
thus d is a, pure real or imaginary number which implies that d/ sinhc? is real. 
Therefore, V , Q and TZ are real valued functions of complex variables. 

Theorem 10 When A{F,G) is a i?io, Rn or i?i3 algebra, one has 

F»G^VF+QG + n[F, G]. 

Let us remark that this expression is equivalent to (||) for i?i3, this algebra 
being ismorphic to the Lie algebra of the rotation group in K'^ . 

Consider A{F, G) is a TZi2 algebra. In this case (Theorem 3 of [|l^) F and G 
are not both simple, they have one common principal direction and, either their 
eigenvalues ar proportional or one is null and the other is not simple. Assume 
F is not simple. Therefore, d — a + b (Theorem |^) and there is a real number 
rj such that b = rja (?? = when G is null). Taking into account (|l^), one has 

(1 + ?/) sinh a cosh rja 



V = 
Q = 

n = 



sinh(l -|- r])a 
(1 + 77) cosh a sinh rja 
r/sinh(l + 77)0 

1 (1 + ry) sinh a sinh rya 

2 rja sinh(l + ri)a 
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Thus V + TjQ = 1 + 1] which imphes 

Vr = l+V-VQr, V^=-VQ^. (18) 

For the non spacehke part of the geometries of F and G, U and V one obtain, 
from (p7|), that [U, V] = a'U + V where a' = (U, V) . As b ~ rja, the commutator 
of F and G verifies 

[F,G]^-a{r]F-G) + a*{rjF-G). (19) 

Combining (|l^) and (^9|) we obtain the following result. 

Theorem 11 Let A{F,G) be a TZi2 algebra, and i] the real number such that 
[3 — 1(3 = ri(a — ia) for the eigenvalues of G and F; when F is not simple one 
has 

F.G = |l-r/(^g, + gg,+ "'^"' 7^,-l^|F + 

Qr + " + "'^"' 7^A G - (4 - Ur + " 7^A [F,G]. 



When A{F, G) is a i?i4 algebra, expression (17) still holds for the non space- 
like part of the geometries of F and G; now it is verified that fjjjv = — 1; thus 

[F, G] = -I3F + aG+'i3*F -a*G. 

Therefore, we have the following result. 

Theorem 12 Let F ^ all -a^U and G = (3V - P *V be such that A{F, G) 
is a i?i4 algebra then one has 

F*G = {Vr - iSUr - '^'R,)F + {Qr + aUr + an,)G + 
(P, + - pn,) * F + (Q, - aUr + an,) * G. 
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